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ASYMPTOTIC ANALYSIS OF STRATIFIED ELASTIC MEDIA IN 
THE SPACE OF FUNCTIONS WITH BOUNDED DEFORMATION 

MICHEL BELLIEUD AND SHANE COOPER 


Abstract. We consider a heterogeneous elastic structure which is stratified 
in some direction. We derive the limit problem under the assumption that the 
Lame coefficients and their inverses weakly* converge to Radon measures. Our 
method applies also to linear second-order elliptic systems of partial differential 
equations and in particular, for the case d = 1, this addresses the previously 
open problem of determining the asymptotic behaviour in this context for the 
general anisotropic heat equation. 


1. Introduction 

The deformation u of an elastic composite subjected to an external force / is de¬ 
scribed by 

-div(<Te(u)) = /, 

where the parameter e highlights the dependence of the stress on the underlying 
composite. Normally this parameter is small; for example in the case of a composite 
with a periodic micro-structure, £ is the period. As such, asymptotic analysis can 
be employed to determine the effective description of the deformation in the limit 
of the parameter e. There are various approaches to such a study and they all 
essentially can be broken down into the following key steps: 

(a) To determine the leading-order asymptotic behaviour of Ug and subsequently 
characterise the relationship of this limit with that of the stress ae{ue). 

(b) To identify the limit or “effective” problem that the leading-order limit of 
satisfies. 

Naturally, an additional physically important challenge should be addressed after 
identifying the limit problem: 

(c) To establish error estimates between and the solution of the limit problem, 
but this interesting study is outside the scope of the article, and in full generality 
the sophistication of the approach needed in establishing c) heavily depends on the 
regularity of /. 

A classical study which provides the asymptotic description of deformation for 
uniformly bounded stress has been known for several decades, see for example 
[24] . The relationship between such models and the study of traditional composites 
has been extensively explored. At the turn of the century, increasingly exotic 
composite materials which pertain to non-local, memory [11, 15, 25], or higher-order 
effects [5, 6, 10], negative effective density [33] [20], and novel wave effects such as 
directional propagation and cloaking [1], [26], were studied. These works explore 
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particular examples of ‘high-contrast’ periodic composites where the ratio between 
the constituent’s material parameters is unbounded in e. The correct mathematical 
framework to study such materials requires one to relax the uniformity assumption 
on a^. To highlight the challenges such an undertaking presents, in terms of a) and 
b), we focus our attention on a particular variational approach adopted herein: the 
so-called energy method, first introduced by Luc Tartar [30]. 

With regards to a) the energy method involves establishing that the sequences of 
solutions (Ue) and stresses (^^(ue)) are bounded with respect to some norm (usu¬ 
ally the L^-norm in linear problems) and thus converge in a suitable topology. The 
correct choice of topology to use is a subtle affair which relies on (usually formal) a 
priori information about the leading-order asymptotic behaviour of Ug. For example 
in the classical case where (T(ue) is uniformly bounded, the correct topology is the 
standard weak topology. Yet, in high-contrast periodic problems where crlug) is un¬ 
bounded, the correct notion of convergence is two-scale convergence, see [4, 23, 32]. 
Upon identifying the limits of Ug and a{ue) with respect to the appropriate topol¬ 
ogy, the characterisation of the functional relationship lime£rE(w£) = J^(limE'U£) is 
a serious one and is related to the issue of determining the limit for products of 
weak* convergent sequences. While in general this may not be possible, in cer¬ 
tain cases this is attainable; in the classical linear elliptic setting this relies on the 
“Compensated Compactness Lemma” of Murat-Tatar [21, 22]; in the high-contrast 
case, and more recent partial high-contrasts, this requires establishing generalised 
Weyl-type decompositions, see [18]. 

With regards to b) once establishing u — limgUe and identifying J", the energy 
method aims at determining the effective problem for u by passing to the limit in 
variational problem for using suitable test fields that asymptotically behave like 
Mg. This requires establishing a “strong approximability” result about the limit 
space to which u belongs: every element of the limit space is the strong limit, with 
respect to underlying convergence established in a), of elements from the space to 
which Ue belongs. In the classical case this result is automatic as the solution and 
limit u are elements of the same function space. In the more general high-contrast 
setting these spaces may vary and such a statement needs to be established. 

The general high-contrast theory of elliptic problems is still lacking, particularly in 
the case of non-periodic composites where some preliminary work has been done 
in the case of stratified materials, i.e. scalar elliptic partial differential equations 
with coefficients that depend only on one variable, see [8], [14], [16] and references 
therein. This article further develops the theory in the direction of elliptic systems. 
In particular, we study the asymptotic behaviour of stratified isotropic elastic me¬ 
dia, occupying a cylindrical domain U = (0, L) x U' with clamped boundary (Dirich- 
let boundary conditions), with high-contrast Lame coefficients; the stress is of the 
form 

aeiUe) = Xe{Xi)tT{e{Ue))I + 2fisixi)e{Ue), 

for Ag proportional to G L°°(0,L) (A^ = Ifig, I > 0). The shear modulus and 
its inverse are assumed to be bounded in L^{0,L) and converging, as e tends 
to zero, to Radon measures v and m, respectively, which share no common atoms, 
see (3.3), (3.4) and Remark 3. When investigating the asymptotic behaviour of 
the deformation Us the first crucial thing to note is that the atoms of v are points 
where discontinuities in Ug will appear. This informs us (at least formally) that 
the infinitesimal strain Eu of the limit function u = lirng Ug will necessarily be a 
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measure with a non-vanishing singular part with respect to the Lebesgue measure, 
that is u should be a function with bounded deformation (i.e. belong to BD{Vl), 
see (2.6)), and the jump set of u should coincide with the atoms of v. As such, we 
expect Eu to be absolutely continuous with respect to v® C"^: 


Eu = 


Eu 

'(g) £2 


dv (g) £2 for Borel sets B, 


where denotes the Radon-Nikodym derivative of Eu with respect to v ® . 

On the other hand, as the medium is stratified we expect deformations transverse 
to the material layers to remain regular, even within those layers contracting to the 
atoms of m. More precisely, we determine that under the influence of an external 
body force / G L°°{Q), the deformation u^ G i/Q(fl;K^) weakly* converges in 
BD{Zt) to some u which belongs to the space 


BD^’^in) := {(pe BD{n) 


)£^ 


E(p <C 


J2 

0 £2 ^ 


( 0 ;§ 3 ) 


aG{2,3} 

^ = 0 on dZl 

which we demonstrate is a Hilbert space when equipped with the norm 

■= dv®C^'^ {^j^\e^,{p*)\^dm® C 

Here u* is the precise representative of u, see (2.1), which is necessarily introduced 
as m may have atoms and u is only defined up to a set of Lesbesgue measure zero. 
For the asymptotics of the stress tensor a{ue), there are two principle types of 
behaviour exhibited. Roughly, by the continuity of stresses across interfaces we 
argue that the components of stress a{ue) ■ ei must asymptotically behave well, 
even at atoms of v where u^ becomes discontinuous. Similarly, as hinted at above, 
the components of strain Ceapiue), for a,/3 = 2,3, remain well behaved, even at 
the atoms of m. Indeed, we demonstrate that pj^aeiug) ■ ei weakly* converges 

in A'1(H;K^) (the space of M^-valued Radon measures on fl) to ^Hr(- 


Eu „ 


2 ( 




)£^ while peS-eapiue) weakly* converges in M{Zt) to eap{u*)m® 


To determine the problem which u solves, we pass to the limit in the variational 
equality 

/ CTe{ue)-e{p^) dx = / f ■ dx, 

Jn Jn 

by constructing a suitable test field p^ G which asymptotically behaves 

like Ug. Here there are two main considerations. First, one must address the 
apparent issue of the limit of products of terms CTgu(ue) and eap(Pg) since a priori 
results state they converge to elements of different measure spaces, namely {g(B ® 
£^), g G £y(g£ 2 } and {h(m ® £‘^),h G respectively. To overcome this, we 

rearrange cr(Ue) : e{p^) in terms of ‘good’ products whose factors mutally converge 
in the same space, i.e. we determine 

CTeiUe) : e{p^) = Pea^e{ue) : e(¥?e) -b Peah{ue) : e{p^) 

where the matrices a^-, are given by (3.9). With ae{ue) : ^{Pe) written in 
terms of products that converge in the same sense, we must address the issue of 
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identifying these limits. This requires establishing the “strong approximability” 
of the limit space: each element of has a sequence of fields suitably 

smooth, (belonging to H^) such that and Capip^) strongly convergence 

in an appropriate sense (see Definition 1) to their analogous limits, this result is 
Proposition 6 . The main result of the article is as follows. 

Theorem 1. The solution sequence (Ug) is weak* convergent in BD{Q) and its 
limit u S i3Dg’"*(f2) is a solution to 

[ + [ ahx>{u*) : ex'{p*)dm^ = [ f v 

Jn Jn JQ 

yv e 

Furthermore, such a solution is unique. 

In the particular situation where the Radon measures v, m have no Cantor part 
the above weak variational form admits a strong PDE form, see Corollary 1. 

We conclude the introduction by remarking that our method outlined above is not 
restricted to the case of isotropic linear elasticity. This result is applicable to linear 
systems of the form 

-div(/:4£C VMe) = /, 

where D C K" is a cylindrical domain, u G iJQ(D;IR"), C is a symmetric definite 
positive second order tensor on such that the n x n matrix Tij = Cnji is 

invertible, see Remark 4. The limit functions here will be of the, more regular, 
class of functions with bounded variation. For the case d = 1, this addresses the 
previously open problem of determining the asymptotic behaviour in this context 
for the general anisotropic heat equation. The key to transferability of the method 
is that under such assumptions on C one can perform a rearrangement of C Vu : Vy? 
similar to that for (Ts{u) : e{p). It is interesting to note that no such rearrangement 
can be performed for the case of fully anisotropic elasticity and as such our method 
does not apply. 


2. Notations 

In this article, { 61 , 62 , 63 } stands for the canonical basis of Points in and 
real-valued functions are represented by symbols beginning with a lightface lower¬ 
case (example x,i,tTA,...) while vectors and vector-valued functions by symbols 
beginning in boldface lowercase (examples: u, /, divcTg, ...). Matrices and matrix¬ 
valued functions are represented by symbols beginning in boldface uppercase with 
the following exceptions: Vu (displacement gradient), e{u) (linearized strain ten¬ 
sor). We denote by Ui or {u)i the components of a vector u and by Aij or {A)ij 
those of a matrix A (that is m = Uiti — ^^^i(u)i 6 i; A — ® = 

Cj, where 0 stands for the tensor product). For any two vectors 
a, 6 in the symmetric product a © 6 is the symmetric 3x3 matrix defined by 
a Qb := ^(o © 6 - 1 - 6 © a). We do not employ the usual repeated index convention 
for summation. We denote hy A : B = inner product of two 

matrices, by the set of all real symmetric matrices of order 3, by I the 3x3 
identity matrix. We denote by £" the Lebesgue measure in R” and by the 
fc-dimensional Hausdorff measure. The letter C denotes constants whose precise 
values may vary from line to line. Let D := (0,L) x D' be a connected cylindrical 
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open Lipschitz subset of For any (p G we denote by tp* its precise 

representative, that is 


p*{x) = 


lim 


/ 


w(y) dy if this limit exists, 

-oj BA^) ( 2 - 1 ) 

0 otherwise, 

where Br{x) is the open ball of radius r centered at a;, and dy := 

cHBrA)) Iba.) ^y- We also set 

lim + ‘fiy) dy if this limit exists, 

B±(a;) 

0 otherwise, 


p^{x) = 


( 2 . 2 ) 


where 


(x) := Br{x) n (^{xi, L) X , B j. (x) := Br{x) D (^{0,xi) x (2-3) 

The fields p* and are Borel-measurable and take the same values on the 
Lebesgue points of p, thus 

p^ = p* = p £^-a.e. in fl. (2.4) 

We denote by p' the element of defined by 

v'l =0. v'a= Va Va G {2,3}, (2.5) 

and by p the extension of by 0 into If pi^pz admit weak derivatives with 
respect to x^^xz^ we set 


,{p) ■= 


3 

a,/3=2 


1 / dpa 

\ dx^ 


+ 


dpp \ 

dXa / 


0 ey- 


The symbol Dp represents the distributional gradient of p and Ep := ^ {Dp + Dp"'") 
the symmetric distributional gradient of p. The space of functions with bounded 
deformation on fl is defined by 


BD{n) := {p G : Ep G 7W(fI;§3)} ^ ^2.6) 


where AI(n;S^) stands for the space of §^-valued Radon measures on O with 
bounded total variation. For any xi G (0,T), we set 

Sxi := {a^i} X n'. (2.7) 


The symbol ^ represents the Radon-Nikodym density of a (finite) vector valued 
Radon measure A on fl with respect to a positive Radon measure 9 on Q. 


3. Setting of the problem and results 

Let n := (0, L) x 11' be a open bounded cylindrical Lipschitz domain of R.^. We are 
interested in the asymptotic analysis of the solution Ug to 


{ - div(tT£(ue)) = / in fl, 

(Je{Ue) = K{xi)ir{e{Ue))I+2Ae{xi)e{Ue), e(U£) = i(VU£ TV^Ue), (3.1) 
Me G i7o^(fl;R^), /G L°°(fl,R^), 
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when the Lame coefficients Xe, fie only depend on one variable (say a;i) and Me 
belong to L°°{0,L) and are bounded in L^{0,L). More precisely, setting 


■— Me ■— Me-^[[0,L]i 

we make the following hypotheses: 


(3.2) 


Ae = Ifie {I > 0 ), 


sup(||m6|Ili(0.l) + ||m; 


£>0 


Il1 (0,L) 


) < oo, 


(3.3) 


rrig ^ m, ^ v weakly* in 

We also suppose that (see Remark 3) 

m{{t})v{{t}) = 0yt€[0,L], TO({0}) = m({L}) = i^({0}) = z/({L})= 0. (3.4) 

Under these assumptions, we prove that ite weakly* converges in BD{iX) to an 
element u of the space 


:= BD{Vt) 
which, endowed with the norm 


,^^£2 S Z/^|g|£ 2 (U; S^) 
(M* eL^(0,L;iLo'(^^')) ae{2,3} 

<p = 0 on dfl 


(3.5) 






(3.6) 


turns out to be a Hilbert space. We prove that u satisfies the variational problem 




i(u,(p)= [ f (p V<M e SDo’™(U), 
JQ. 


(3.7) 


u€BDl'^{n), 


where a(., •) is the non-negative symmetric bilinear form on BDq"^(J1) defined by 


a{u,(p) := [ + f : ea:'{(p*)dmi^ 

«/ O «/ Q 

in terms of the fourth order tensors and given by 


Z tr £ 1 -f 2.:iii ‘ 2:^12 

:= I 2Si2 ^tiE + ^En 

2Si3 0 

3 3 3 

.— ^_j_2 ^ ( ^/ 3/3 ^ ^ “b 2 ^ ^ 6 / 3 . 



1+2 


(3.8) 


(3.9) 


/3=2 a=2 a./3=2 

We prove that a(.,.) is continuous and coercive on BDq’"^{£1), therefore (3.7) has 
a unique solution. 


Theorem 1. The space BDq''^(TI) defined by (3.5), endowed with the norm (3.6), 
is a Hilbert space. Under the assumptions (3.3) and (3.4), the symmetric bilinear 
form a(',') defined by (3.8) is coercive and continuous on BDq’^(D,). The solution 
to (3.1) weakly* converges in BD{Tl) to the unique solution to (3.7). 
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Remark 1. The problem (3.7) is equivalent to 

min F{u) - / f ■ udx (3.10) 

where the functional F is defined on by 

F(u) := [ f dv 1^1 + [ g(e^'{u*))dm® C^, (3.11) 

JQ Jn 

in terms of /, g given by 

/(S) := ia^S : S, g(r)) := ia'lr : T. (3.12) 

Remark 2. The symmetric distributional derivative E(p of any (p G BD{n) can 
be decomposed into an absolutely continuous part E°‘tp with respect to , a jump 
part E^(p and a Cantor part E'^tp. The Cantor part E'^tp vanishes on any Borel 
set which is a-finite with respect to TC . The density e{(p) of Eip with respect to 
£3 is the approximate symmetric differential of tp (see [2, Theorem 4.3] for more 
details). When Eip C?, ^(p) is the weak symmetric gradient of p. The jump part 
takes the form E^p — Epy^, where the ‘jump set” Jip is a countably -rectifiable 
subset of n (i.e. there exists countably many Lipschitz functions fi : ^ Q, 

such that (J,^ \ Ui'S = 0; see [3, Definition 2.57]). For any countably 

TL^-rectifiable Borel set M C fl, the following holds (see [27, Chapter 11], [2, p.209 

(3.2)]; 


Ep[m= {pM-PM)QnM'HlM, (3.13) 

where nM{x) is a unit normal to M at x and p^ is deduced from (2.2) by substi¬ 
tuting B^{x,nM) '■= {y S Br{x), ±{y — x) ■ nM{x) > 0} for Bf{x). 

Due to their absolutely continuity with respect to v ® £?■, the symmetric distri¬ 
butional gradient of the elements of BD{Q) admit a specific decomposition. The 
measure v (resp. m) can be split into an absolutely continuous part (resp. m“; 
with respect to the Lebesgue measure, a singular part without atoms or Cantor part 
(resp. and a purely atomic part : 


= = A,: = {t G[0 , L]', lz{{t}) > 0}, 

(3.14) 

m=m°+TO'^+y^ m{{t})dt, m°' = ^C}, Am-= {t G [0, £]; m({t})> 0}. 

We have ® £^ <C £3, it can be shown that A (8) £^ vanishes on countably TL^- 
rectifiable Borel sets, the measures A ® CA and £3 are mutually singular and A^ ® 
, where 


Ey E(, Em E(, E E,y U E^ 

t&Am 


(3.15) 


Accordingly, the condition E{p) satisfied by any element p of BD'(f'‘‘‘‘{Tl) 

implies E°‘p ^ A®C^, E^p <C A®C^, E^p <C ■ Taking (3.13) into account, 
we deduce 
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Eip = e{(p)C^ + +^{tp+ -(p ) 0 

The substitution of (3.16) into (3.8), (3.9) leads to 


(3.16) 


a{u,(p)= ae{u):e{(p)dx+y I'iit}) ^ {u'^—u )-A{(p'^—(p )d'H 


teA,. 


+ ^ m{{t}) / (3.17) 

t&Am 

+ / + [ aha;'(u*) :e^>{(p^)din‘'(S)C'^, 

*/ O •/ o 

where the fourth order tensor a and the matrix A are given by 


/I+ 2 0 0 \ 

a = + fi-a\ A := i 0 10. (3.18) 

Vo 0 ly 

Similarly, substituting (3.16) into (3.11) yields 

F{u) := [ f {e{u)) {^y^ + g{ea;'{u))^dx 
Jn 

+ —f (m+ — u~)A{u^ — M~)d'H^+y^ '"(W) f g{ea,i{u*J)d'H^ 

t&Au ieAm 

+ / [ 9h.'{uh)dm^®C\ 

JQ Jn 

We can write the PDE system associated with (3.7), (3.17) provided the Cantor 
parts v‘^ and vanish and the sets ot atoms A,, and Am are finite: 

Corollary 1. If A = = 0 andAu, Am are finite, the problem (3.7) is equivalent 

to 


{ — divae(u) = / in H \ S, u € 

v{{t})~A{u^—u~)=ae{u^)ei=ae{u^)ei on St, Vi G (3.19) 

ae(tt^)ei —ae(tt^)ei — m{{t})dWa;’a^^ex>(u*) =0 on Sf, Vi G Vim, 
where S, a, A are given by (3.15), (3.18). 

Proof. Choosing tp G X>(n\S) in (3.7), taking (3.17) into account, we get a{u) : 
e{(p)dx = y f p and infer, by the arbitrary choice of p, that —divae(u) = / in 11\E. 
Choosing p G BD’ff'^yi) such that p G C°°{U) for every connected component U 
of n \ S,y, and integrating ae{u) : e{p) by parts over each connected component of 
n \ S, taking the first line of (3.19) into account, we deduce 
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/ (ae(u )ei—ae(u^)ei) ■ ip + m({t})a^^ex'(u*) : ex'(‘p*)d?{^ 

teAm 

+ / ae(M”)ei-¥3”—ae(wyei-(p^+(M’'"—u“)-z^({i})“i4((^+—(p~)d'H^=0, 

and obtain the transmission conditions stated in the second and third lines of (3.19). 
Conversely, any solution to (3.19) satisfies (3.7). □ 

Remark 3. When v and m do not satisfy (3.4), the effective problem not only 
depends on the couple but also on the choice of the sequence (/ig) satisfying 

(3.3). By way of illustration, let us fix two sequences of positive reals (ri^^ (''’e^^) 
converging to 0, set r^ := max and consider the sequence (fig) defined 

by 

The convergences (3.3) are satisfied with u = m = dL+T^- By adapting to the 

2 

framework of elasticity the argument developed in [7, Chapter 4] in the context of 
the heat equation, one can prove the following results: 

• If r^^'^ <C ri^\ the effective problem takes the form 

inf |i^(^) - y f-ipdx, ip € p = G on , 

where, setting a{ip) := I tv{e{ip))I+2e{ip), cr^fv') '■= I {p'))I+‘2ex' {p'), 

F is the non-local functional defined by (see (3.18)^ 

F{ip) = inf $(¥>,«), 


[ a{p) : e{p)dx + ^ f ax'{v') ■. ex'{v')dli^ 

jQ\T,Lf2 '^^L/2 

+ j f “ P~) ■ “ P~) + (v - p^) ■ A{v - p^)d'H'^. 

'J Yjt m 


'^LI2 

• If r^'^ <C ri'^\ the effective problem is given by 


inf|j^(^) —y f-pdx, p G II^{I}\'Si^/ 2 ), p = 0 on 9n| 


where 


F{p)=\ / a{p) ■. e{ip)dx + \ / ax'ip )-.ex’{p )d'H^ 

+ l[ (Tx'ip^) ■ ex'{p^)d'H‘^ + ^ f {(p+- p~) ■ A{p+- p~)d'H'^. 

d'^L/2 d'^L/2 

Indeed, when (3.4) is not satisfied, there exists infinitely many different limit prob¬ 
lems associated to some sequence {pe) satisfying (3.3). 
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Remark 4. Our method applies to the study of second-order elliptic systems of 
partial differential equations of the type 

(Pe) : -div(^eCVue) =/ inn, Ue G Rq (1^; K”), / G R”), (3.20) 

where n := (0, L) x n' is a cylindrical domain in and C is a second order tensor 
on satisfying the following assumptions of symmetry and ellipticity: 

= Cp,,, V((z, j), {p, q)) G (M'* X 

CE::E;>c|E:P for some c> 0. 

We suppose that 

n 

T ■= CiipiCi ® Cp is invertible. 

We denote by BV{n',W^) the space of -valued functions on n with bounded vari¬ 
ation, that is 


(3.21) 


(3.22) 


W(rj;R") := {v? G Li(rj;R”) : Ry’ G 7W(fl; K”+‘^)} . (3.23) 

Under these assumptions, the solution to (3.20) weakly* converges in 51^(11; R") 
to the unique solution to the problem 


(p.„, = 

{u€BV,^'^{n), 

where BVf'^{n) is the Hilbert space defined by 


V G Wo"’™(ll), 


(3.24) 


BVf-^in) := {‘pG BV{n-R^) 


Dtp v (§1 £‘^ tp = 0 on dit 
p* GLI{0,L-,H^in';R-)) 


and, setting 


d-l 


(3.25) 


n d 




i—l a—2 


(3.26) 


a is the continuous coercive symmetric bilinear form on BVQ’"^(il) given by 


a{u,p): 



Du . Dffi 

D<S>C'^ ' 


dv ® C‘^-^ 




(3.27) 


where 
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■— ^ ^ Cijpi(T )prC^rlfc/; 


p,r—l 


n 

^\jkl ■“ {Cijpl{T ^)prCrlkl + C'ijfci)(l ~ ^jl)(l ~ ^ll)- 

p,r—l 


(3.28) 


Proposition 1. The normed space BVq'™'{TI) defined by (3.25) is a Hilbert space. 
Under the assumptions (3.3), (3.21), (3.22), the symmetric bilinear form a(-,-) 
defined by (3.27) is coercive and continuous on i?V)(^’’"(r2), and the sequence (Ug) 
of the solutions to (3.20) weakly* converges in 51^(12; K.") to the unique solution u 
to (3.24). 


The proof of Proposition 1 is sketched in Section 6.3. 


Remark 5. The particular case of the heat equation in a three-dimensional domain 
corresponds to the choice (n,d) = (1,3) in (3.20). Setting Ajq := Cijiq, we deduce 
from Proposition 1 that under the assumption (3.3), if A is definite positive and 
All 0 (see (3.22),), the solution Ue to 


(Ve) : -divip^AVue) = f in n, / £ L°°(12), 

weakly converges in BV(fl;M.) to the unique solution to 


(3.29) 


where the functional F is defined on BV(f''^{Tl) by 


u^BDq'' 


F{u) :=i (f A^'V,,{u*)-V,,{u*)dm(S)C^ 
JQ Jn 


in terms of A-^,A^^ given by 


Af := 




- ( 


AiiAi 


+ Aij)(l - (5ii)(l - Sji). 


"n ■ All ’ y ■ All 

We we recover some of the results obtained by G. Bouchitte and C. Picard in [14]. 
However, the method employed in [14] only applies, in the linear case, to a diagonal 
conductivity matrices. 


4. Technical preliminaries and a priori estimates. 

This section is dedicated, essentially, to the analysis of the leading-order asymptotic 
behaviour of the solution (u^) to (3.1) and its stress tT(ue) in the limit e —0. The 
following notion of convergence will take a crucial part in this study. 

Definition 1. Let 9^,6 be positive Radon measures on a compact set K C 
and let /e, / be Borel functions on H. We say that (fe) weakly converges to / with 
respect to the pair (9^, 9) if 


sup [ \fs\^d9e < oo, f G Ll{K) 
e J K 

9^ ^ 9 and^/d weakly* in M{K), 
(notation: /). 


(4.1) 
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We say that (/e) strongly converges to / with respect to the pair {0^,0) if 


fe / and limsup f l/el^d^e < [ IffdO (notation: /e /). (4.2) 

£->■0 JK J K 

We now present the main statement of the section. For notational simplicity, the 
measures {vg 0 and (m£ 0 are denoted by Ug 0 and rrig ^ For 

simplicity, the extension by 0 to of the measure Eu is still denoted by Eu. 

Proposition 2. Let (ug) be the sequence of solutions to (3.1). Thenu^ is hounded 
in BD(Ll) and 


sup / |w(.p(iTO£ 0 + / \us\dx + / |e(u£)|^ dx < oo. 

£>0 Jn Jq Jn 

Up to a subsequence, the following hold: 


(4.3) 


We 


w weakly* in BDiUl), Eu^ ^ Eu weakly* in M{it; S^), 


Uee{Ue) 


0-£(W£) -" (J (w). 


(4.4) 


, ,Tn0P // ^ t:) !c\ \ 

ea;'(w^) -" ea;'((w*) ), uGBDf (fl). 


Before presenting the proof of Proposition 2, we introduce and prove some auxiliary 
results. The next lemma states some fundamental properties of convergence with 
respect to the pair {6^,6), established in [17, Theorem 4.4.2] in a more general 
context (see also [9], [12], [13], [31, Section 2.1]). 

Lemma 1. Let {0^) be a sequence of positive Radon measures on a compact set 
K C weakly* eonverging in M{K) to some positive Radon measure 9. Then, 
(i) any sequence (/e) of Borel functions on K such that 


sup J l/Epd^E < 00, (4.5) 

has a weakly converging subsequence with respect to the pair {9^,9). 

(ii) V fe / (resp. fe f), then 

liminf J fed 9 e > J f‘^d 9 (^resp. lirn J fed 9 e = J f^dd'^ . (4.6) 

(in) If fe / and pe g, then 

lim J fe9ed9e = J fgdd. 

As a first application of Lemma 1, we obtain some relations between the measures 
ly, m, and ^[[o.l]' 

Lemma 2. Under (3.3), the following holds 

^ £ Ly([0 ,L]); <C to; ^£A^([ 0,I/]); 

/ \^(^dv <m{[Q,L]); f \jf\^dm<v{[0,L]). 

d[0,L] d[o,L] 


(4.7) 






13 


Proof. Noticing that, by (3.2) and (3.3), sup^ \fj,e\'^di's = sup^ me([0, L]) < oo 
(resp. supg /jjj ^ \^e\~'^dmg = supg i^e([0, L]) < oo), we deduce from Lemma 1 that 
the sequence (fx^) (resp. (/xf^)) has a converging subsequence with respect to the 
pair {v^,v) (resp. {mg,m)), and 

de’Xe ^ gi^, ^ hm, g G LI, hG 

On the other hand, by (3.2) and (3.3), the following holds: 

g-sIXe = = ^l[0,L]y l/ieT^me = l/^, 

hmsupme([0, L]) < to([ 0,L]), limsup i^e([0, L]) < i^([0, L]). 

6 —^0 E —^0 

Assertion (4.7) follows from (4.8) and (4.9). □ 

The following statement, proved in [14, Lemma 3.1] (see also [16, Lemma 6.2] for a 
more general version), provides a sufficient condition for the product of a sequence 
strongly converging in L^{0,L) by a sequence of functions weakly* converging to 
a measure in A4([0,L]), to weakly* converge in A4([0,L]) to the product of the 
individual limits. 


Igl^dv; liminf J |^e| > J \h\'^dm. 




liminf J \fj,,;\'^di's 


Lemma 3. Let (bg) be a bounded sequenee in L^{0,L) that weakly* eonverges in 
A4([0,L]) to some Radon measure 9 satisfying 

9m)=e{{L})=0. (4.10) 

Let (wg) be a bounded sequence in VL^’^(0,L) weakly* converging in BV{0,L) to 
some w. Assume that 


Then 


9{{t})Dw{{t}) = 0 Vte(0, L). (4.11) 


lim / tfbgWgdx = / ipw^^^dO = / fxw^^^dO V'0 G (^([O,L]), 

J{o,L) J{e,L) 

where (resp. ) denotes the right-continuous (resp. left-continuous) repre¬ 
sentative of w. 


For any ip G BD{Vl), we denote by 7 ^ (p) the trace of ip on both sides of 
(see (2.7)). In the next lemma, we show that the mapping x —>■ 7 ^ (¥>) can be 

Xl 

identified with ip^ defined by (2.2). 


Lemma 4. Let tp G BD[Ll) and let (p*, (p^ be defined by (2.1), (2.2). Then 


((^((a:) = ¥5=^(a:) = lim / (p{y)dy "H^-a.e. x G Vxi G (0, L), (4.12) 

V* = +¥>~) H^-a.e. on VxiG(0,L), (4.13) 

tp , <p^ G L:^2(Exi) VxiG(0,L), 


(4.14) 
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(p+=(p = ip{y)dyin if \E(p\{^^J = 0, (4.15) 

E(p<^v®C^ => (p+= ip~ = tp* m®C^-a.e.. (4-16) 

Proof. By [19, p. 84, Trace Theorem; p. 91, Proposition 2.2] (see also [2, p. 209 
(ii)-(iii)]) the traces of (p on both side of any hypersurface M contained in fi are 
"H^-a.e. equal to its one side Lebesgue limits on both sides of M. Applying this to 
M = Hxi for all xi € (0,L), we obtain (4.12). Assertion (4.12) ensures that the 
two limits in the first line of (2.2) exist and are finite for 'H^—a.e. x G for all 
xi G (0, L). When they do, the limit in the first line of (2.1) also exists, and 

h(p+(x) + (f-(x)) = i ( liiri / (p{y) dy + f (p{y) dy 

= lim f (fiy) dy = <p*{x), 

Br{x) 

therefore (4.13) holds. Assertion (4.14) results from (4.12), (4.13) and the fact that 
the traces of p on each side of belong to L}^ 2 {'£‘xi)- Noticing that by (3.13) we 
have 


{p"" - P )0eiH^Ls,^ Va;ie(0,L), 
we deduce from the elementary inequality 

|a|<\/2|a©n| if ||n|| = 1, (4-17) 

that = p~ "H^-a.e. in whenever \Ep\{'Pxi) = 0. Assertion (4.15) then 
follows from (4.12) and (4.13). We have v ® C‘^{'Pxi) = v{{xi})C‘^{Vl'), therefore 
V ® £^(Sa;j) = 0 if xi ^ Ai, (see (3.14)). Accordingly, if Ep v ® C?, then 
\Ep\{Yixi) = 0 for all Xi G (0,L) \ Ai/. Assertion (4.16) then results from (4.15) 
and the fact that, by (3.4), m{Av) =0. □ 

Lemma 5. Let p G BD{Lt) such that p — 0 on dLt, and let p G L^(0, L; K^) be the 
Borel function defined by 

p{xi) := [ p*d'H‘^ yxiG{0,L). (4.18) 

Then 

^eW(0,L;K3), = 

Dp^\Ep\{.xTl'), \Dp\{B) < V2\Ep\{B X n') VS e i3((0,L)). 

Moreover, the left (resp. right) limit p^’'^ (resp. ) ofp at Xi satisfies 


15 


Proof. Let eV(y, (0, L)) denote the essential variation of ip on (0, L), that is 


eV((p,ia,b)):= inf sup 
CHN)=0 


2=1 


e {a,b)\N 
a < h <...< tn < b 


(4.21) 


By [3, Proposition 3.6 and Theorem 3.27], the field ip belongs to i?14(0,L;M^) if 
and only if eV{ip, (0, L)) < oo and in this case eV{ip, (0, L)) — |Z)^|((0, L)). Let a, b 
be two real numbers such that 0 < a < b < L, D := {t G {0, L), |Sy)|(Et) > 0} and 
let ti,... ,tn C (a, b)\ D such that 0 < ti < ... < tn < L. By (4.17), (4.15), and 
Green’s formula in BD(yii), where Hi := {ti, ti+i)x il', we have, since ^ = 0 on d^l, 


\tp{U+i) - ip{u)\ = 

< V 2 
= V2 


p dh? — / 
•ISt. 


p d'H‘^ — I p^dH^ I 0 Cl 


(4.22) 


/ l^{‘P)QndW 

IdGli 


= \/2 \Ep (n*)] < \Ep\ (rti ), 


where Jiip) denotes the trace on dfli of the restriction of p to fti, therefore 


\p{ti+i) - piti)\ <^V2 \Ep\ (fli) < V2 \Ep\ {{a, b) x n'). 

2—1 2=1 

By the arbitrary choice ot ti,... ,tn, noticing that D is at most countable countable 
thus -negligible, we infer 


\Dp\{{a,b))=eV{p,{a,b)) < V2\Ep\ {{a,b) x n'), (4.23) 

yielding, by the arbitrariness of a, b, the second line of (4.19). The first line easily 
follows. An argument analogous to (4.22) implies 


lim 


p{t) - 



< lim '/2\Ep\{{xi,t) X Q!) = Q, 


yielding (4.20). 


□ 


In the next proposition, we study the asymptotic behavior of a sequence (^g) satis¬ 
fying some suitable estimate (see (4.25)). This study will be applied to the solution 
to (3.1) and also to the sequence of test fields defined in Section 6 (see Proposition 
6 ). These fields do not necessarily vanish on dfl. Accordingly, we introduce the 
normed space 


BD^’"^{n) = ipG BD{n) 


I Wx + 


Ep^u®C^, ^ G 

{p*)'GLl{0,L-H\n'-m?)) 

Eifi ^ 


dh"S>C^]+{ \ex'{p*)rdm ^ j . 


, (4.24) 
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Proposition 3. Let (tp^) be a sequence in such that 


sup / \<p^\dx+ / fie\e{(p^)\'^dx 

s>oJn Jn 


< 00 . 


(4.25) 


Then (ip^) is bounded in BD(Ll) and, up to a subsequence, 

(p^^ p strongly in LP(^2;]R^) Vp S [l, |) 


Ep^ ^ Ep weakly* in A4(ri;S^), 

for some p € BD(fl), where the measure Ep is extended by 0 to LI. Moreover 


(4.26) 


Assume in addition 


(4.27) 


sup / < oo, 

e>0 Jn 


(4.28) 


then 


{p*y € Li^{0,L-,H\n'-R-^)), p e BD’^^^lLl), 


' VP ) > 

Proof. By (3.3) and(4.25), we have 


ex’{(p'e) 


ex'iip*)')- 


(4.29) 


J^lp^dx + J^\e{p^)\dx < Jjp^dx + (^J^-^dx'^ (^J^p.e\eip^)\^dx'^ 

hence {p^) is bounded in BD{Q) and weakly* converges, up to a subsequence, to 
some p G BD{Ll). Taking the compactness of the injection of BD{Ll) into LP{L1; R^) 
for p G [l, I) into account (see [27, Theorem 2.4, p. 153]), we deduce 

p^ ^ p strongly in L^{Ll;R^) Vp G [l, |) , 

Ep^^Ep weakly* in A4(n;S^). 

On the other hand, assumptions (3.2) and (4.25) imply 


sup / |/r£e(^g)|^ di^e O < 00, (4.32) 

e>0 Jn 

thus, by Lemma 1, the sequence pe^{p^)) weakly converges with respect to the pair 
(j/£ ® C'^,v O £^), up to a subsequence, to some H G L^^£2(0;S^). Noticing that 
Pe^{Pe)'^£ O = Ep,,, the definition (4.1) indicates that 

Ep^^Ei'^C'^ weakly* in A4(0;S^). (4.33) 

Since O £^{dLl) — 0, the convergences (4.31) and (4.33) imply that the ex¬ 
tension by 0 of Ep to LI is equal to 'Bi/ O and that H = ■ Assertions 

(4.26) and (4.27) are proved. To prove (4.29), we first notice that (4.32) implies 
J^\ex'{p'^)\^ drue ® C'^ < -boo. Therefore, if (4.28) is satisfied, then by 
Lemma 1 and (4.1) the following convergences hold, up to a subsequence. 
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/i', ^ h'm ® weakly* in Al(ri;R^), ^ 434 ^ 

ex'(ye) - ’™ - '?'^ r, ^eex'(y’e) ^ Tto 0 weakly* in A^(r2;S^), 

for some h' G T G L^|g|£ 2 (f^; S^)- Assertion (4.29) is proved provided 

we show that 

h'= {p*y m® C^-a.e. in f2, (4.35) 

(yj*)'G £^(0, L; iJ^(r2'; R^)), T = ex> {{'p*)') m® L^-a.e. \a Vt. (4.36) 

Proof of (4.35). Let us fix ^ G 'D{Vf). By (4.26), {tpp^) weakly* converges in 
BD{il) to ipp, hence, by Lemma 5, the sequence (V’V’e) defined by (4.18) weakly* 
converges in 514(0, L;R^) to ipp. By (4.7), (4.19) and (4.27) we have, 

\Dipp\ <c \E{ipp)\{. X il') = \'tjjE{p) +VifQipC^\{- X n') <c V® C^, 

therefore, by (3.4), the assumptions of Lemma 3 are satisfied by {he, We) '■= {pe, i’Pe) 
and {9,w) := {m,ipp). Taking (4.16), (4.34) and (4.35) into account and applying 
Fubini’s theorem, we deduce 


/ ifh'dm ® = lim / fj.ef’p'edx = lim / pLeifp'edxi = / {il)p')'^dm 

JQ e-s-OJo J{0,L) 

= ( 'ip{p')+dm= I 'fi{p')^dm® = j tp{p')*dm ® . 

J(O.L) Jq Jq 


By the arbitrary choice of if, Assertion (4.35) is proved. □ 

Proof of (4.36). Let us fix 'S' G 22(12; S^). By (4.34) and (4.35), we have 


/ r : W dm ® = lim / pe^iPe) 

J Cl ^ Cl 


: ^dx = lim — / PePl' div^dx 
Jn 


= — iP*Y ■ div^dm 


, r2 


(4.37) 


Choosing a test field of the type ^(a;) = 77(a:i)T(x'), with 77 G 22 ( 0 , L) and T G 
22 ( 12 '; S^), and letting rj vary in 22 ( 0 , L), we infer, noticing that h[ = 0 , 


( T{xi,x'):T{x')dx'= —({p*)'{xi,x')-divT{x')dx' V xi G (0, L)\A^-r, (4.38) 

Jn' Jn' 

for some to- negligible subset At of (0, L). Letting T vary in a countable subset C 
of 22(12'; S^) dense in 5o(12';§^), and denoting by Aq some TO-negligible subset of 
(0,L) such that r(a;i,a;') G L^(12';S^) Vxi G (0, L) \ Aq, we obtain the following 
equalities in the sense of distributions in 22'(12';S^): 

x' ((¥>*)') (^ir) =r(a;i,-) V xi G ( 0 ,L)\ [J AqU At, 

Tec 


C; 


(4.39) 
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and deduce that ex' {{v*)') ^ L^(0,L;L^(r2';§^)). This, along with (4.35) and 
the two-dimensional second Korn inequality in implies that {(p*')' € 

L^(0, L; Assertion (4.36) is proved. □ 

We are now in a position to prove the main result of Section 4. 

Proof of Proposition 2. By multiplying (3.1) by Ue and by integrating it by 
parts over we obtain f^(7e(Ue) : e{Ue)dx = ■ Uedx, and deduce 

/ fj.e\e(ue)\‘^dx < / ae(Ue):e(Ue)dx<C\\f\\La.^Q.^3) / \ue\dx. (4.40) 
Jn Jn Jn 

The assumptions (3.3), Poincare and Cauchy-Schwarz inequalities, imply 


\Uei\dx <c[ 
Jn 


dUei 

dxi 


dx < C 



< C 



Pe\e{Ue)\’^ dx 


1 

2 



(4.41) 


By Fubini’s Theorem, Poincare’s inequality in R^), Assertion (3.3), Cauchy- 

Schwarz and Jensen’s inequalities, and Korn’s inequality in i/Q(n';IR^), we have 


L ~ L 2 

j \u'^\dx< cj x'u'^\dx<C (j-^dxA (j pe (yj x'u'^\dx^ dx 


<C^J fXeJ \'^x'Kfdx'dx^<C^J J \ex'{u'^)f dx'dxi^. 


(4.42) 


We deduce from (4.40), (4.41), (4.42) that \ue\dx < C \ui;\dx) , yielding 


f \us\dx < C. 

Jn 


(4.43) 


On the other hand, by Korn’s inequality in iJg(r2';R^), we have 


u'J^drriF ® = 


A( 

f Kfdx') 

'o ' 

'Jn' J 


< 


C [ Me ( / \ex'{u'^)\'^dx''] dxi <C [ fie\e{Ue)\'^dx. 
Jo ^Jn' ' Jn 


(4.44) 


By (4.40), (4.43), and (4.44), the estimate (4.3) is proved. This means that — Ug 
satisfies (4.25) and (4.28). Therefore, by Proposition 3, the convergences stated in 
(4.4) hold for some u G BD'^’'^{Vl). The proof of Proposition 2 is achieved provided 
we show that 


ti = 0 on 90, 

(recall that the trace is not weakly* continuous on BD{iJ)) and 


(4.45) 


{u*y = 0 TO 0 Ti}-a,.e. on 90' x (0, L). 


(4.46) 
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Proof of (4.45). Let us fix ^ S C'°°(0;S^). By passing to the limit as £ —>■ 0 in 
the integration by parts formula J^e{ue) : '9dx = — f^Us ■ div'S'da;, taking the 
strong convergence of to u in and the weak* convergence of {e{u^)) to 

E{u) in A4(n; S^) into account, we obtain ^ : dEu = — J^u- div'S'dx. We then 
deduce from the Green Formula in BD{V,) (see [27, Theorem II-2.1]) 

/ 'Jf : dEu = — u ■ div^ffia; + / ^ : w 0 nd'h?, 

JQ Jn Jan 

that ^ : uQndT-P{x) = 0. By the arbitrariness of'®', taking (4.17) into account, 
Assertion (4.45) is proved. □ 

Proof of (4.46). Let us fix ^ G C°°(n;§^). Since Wg = 0 on dfl, (4.37) holds for 
such a ^ when = Ug. We infer 


/ ea;'(u') ; W dm 0 = — / ( / (w*)'• div’i'da;'] dm(a;i). (4.47) 

Jn J{o,L) ^Jn' J 

By (4.29) applied to := Mg, the field (m*)' belongs to L^{0, L; iJ^(n';R^)), hence 
there exists an m-negligible subset N of (0,L) such that (M*)'(a;i,.) G 
for all xi G (0, L) \ N. By integration by parts, taking the symmetry of 'S' into 
account, we infer 


(M*)'-div'S'da;'= / {u*)'-^nd'H 


'on' 


{x')-( e 
Jn' 


/((u*)') : 'S' dec' m-a.e. xi. (4.48) 


It follows from (4.47) and (4.48) that /(q 0 =0. By the 

arbitrary choice of 'S', Assertion (4.46) is proved. □ 


5. Partial mollification in 

For any two Borel functions /, 5 : —>■ R, we denote by f*x'g the partial convolution 

of g and / with respect to the variable x', defined by 


f , . / f{xi,x' - y')g{y')dy' if f{xi,x' - .)g{.) & 

f g[x) := dR 2 (5.1) 

0 otherwise, 

and by f^ the “partial mollification” of / with respect to x' given by 


/ := / *x' VS, 

where vs S 27 (M^) denotes the standard mollifier defined by 


otherwise, 

the constant C being chosen so that fg 2 vdx' = 1. Some basic properties are stated 
in the next lemma. 
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Lemma 6. Let / : —>■ K fee a Borel function, 9 a positive Radon measure on 

[0,L], and fe > 0. Then, the function f^ is Borel measurable. If f G 
{p S [1, +c)o)), then 


[ \f\xi,x')\Pdx' < [ \f{xi,x')\Pdx' Va;iG(0, L), 
JQ' JQ' 


(5.3) 

(5.4) 


lim / \ f - f^\Pde(^C^ =0, 


f{xi,.)GC^{n) Vxig(0,l), 


= Vn,mGN 


dx^xl 




< 


C 


-p:T7, 




Vn, m G N. 

6I0Z:2 


^ S (^ + 7 = 1)’ 


p p 

2 


/ fhd9®C^= / fh°d9®C\ 
In Jn 


If'ip^ C'c (^); € C'(ri) and 


(5.5) 

(5.6) 


(5.7) 


i9a;fe \ dxk ) ’ 


Vfc G {1,2,3}. 


(5.8) 


Proof. By Fubini’s theorem, the mappings h^{x) := Jg^ 2 {f{xi,x' — y')ps{y'))^dy' 
(where l^{x) := sup{Z(a;),0}) are Borel measurables and so is the set A ■.= {x € 
/r 2 f{xi,x' - y')m{y') dy' < +oo}, therefore, / Vs = (fe-+ - fe.”)!^ is Borel 
measurable. Assertion (5.3) follows from the classical properties of convolution in 
(notice that J ^2 Vsdx' = 1). Assertion (5.4) is a straightforward consequence of 
(5.3). We have 


[ \f - f\PdO®C^ = [ d9{xi) [ \f-f\P{xux')dx'. 

Jn Jlo.L] In' 

By (5.3), the following holds \f — f^\P{.,x')dx' < 2 p~^ f^, \ f\P{.,x')dx' G Lg, 
and by the properties of mollification in LP{LI'), for all xi such that f{xi,.) G 
LP{p.'), thus for 0-a.e. xi G [0,L], jf — f^lP(xi, x')dx' converges to 0. Assertion 
(5.5) then results from the dominated convergence theorem. Assertion (5.6) follows 
from well known properties of mollification. Assertion (5.7) is proved by applying 
Fubini’s theorem several times. Assertion (5.8) is obtained by noticing that tf G 
C{(]R^) and by differentiating under the integral sign. □ 

The next proposition specifies some properties of partial mollification when applied 
to elements of BDq''^(LI). We set 


a^iy>) :=ltr (j^)7 + 2j^. 


(5.9) 
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Proposition 4. Let v G and 5 > 0. Then, 

v^GBD{n), ^ = (5.10) 

H^-a.e. on I^xi, Va;iG(0,L), 

X X n (5.11) 

(v^Y = (v*f n^-a.e. on T.X,, VxiG(0,L), 

eLl{0,L-H\^l'-RY), ex'{{v^Y) = {ex'{v*))\ (5-12) 


v& g bD'^’^YI), 


lim 

<5-s-0 





= 0 , 


and the following holds for all x G it, a G {2, 3}; 


(5.13) 


lim (w‘^)"F(a;i ± K,x') = (w^)^(a:), 

K-S-0 + 


(5.14) 


{4L (^) = 7^ / (o-'')ii(^^‘^)(si,a:0 ^^"(si) 

^ ^ •''(0,3:1] 

-E7T2i. 

GiGG)=[ (ff^)io(v^)(si.3r') di-lsi) - / tff-isi.x'} dsi. 


Proof. By (5.4) we have G L^(11;]R^) and J^\v^\dx < J^\v\dx. Let us fix 
G 22(r2;§^). Then G C'°°(11;S^), thus using (5.7), (5.8), Green’s formula in 
BD{il), and the fact that v G BDQ’"^(fl), we obtain 


/ ■ div^ dx = / V ■ (div'®')'^ dx = / v ■ div('®''^) dx = — 'S''^ : dEv 

</Q t/Q '/Q 

= -/ = - [ yS:{^ydn<8>C^. 

'j d 'j d 

By the arbitrary choice of 'S', the assertion (5.10) is proved. Similarly, applying 
Green’s formula in BD{H) and using (5.7), (5.8), (5.10), we infer, for all xi G (0, L), 



(y^)(d eidx 


I :v^ Qn dx = j ' 4 ' : dEv^ + / div^ • v^dx 

5([0,a:i] xO') 

: 


Ev 

i7(8)£2 


' [0,a:i] xd' 

' 9 

dv ® C 


i 

d [0,a:i 

/ j 

3[o,xi]xn' 3[c 

/ v~ Q) eidx = / ^ : (v~Y Qeidx. 

3s.,, 


^ [0,xi] X r2' 

^ (div’i^)^ • udx 

[0,a:i] xO^ 

div(^'^) • vdx 


' [0,xi]xn' 
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By the arbitrary nature of 'S', (arguing in the same manner for the first line 

of (5.11) is proved. By (4.13) and the first line of (5.11), for all xi € (0,L) the 
following equalities hold on : 

(v*f = i (t;+ = i ((v+)^ + (v-)^) = i ((v^)^ + (v^)~) = (v^. 

Assertion (5.11) is proved. By (3.5), (5.4) and (5.11), we have G L^(0,L; 

L^(f2';R^)). Taking (5.7), (5.8), (5.11) into account and integrating by parts with 
respect to x' in L^(0, L; iJg (fl'; M^)), we find 





2 



((v*)')^ div’^dm 0 £^ 



(v*):^^dm 0 £^ 


[ {v*)'- div (’i''^) dm 0 £^ 
n 

[{ex' {v*)Y- ^dm 0 £^, 

JQ, 


yielding (5.12). Assertion (5.13) is a consequence of (4.24), (5.10), (5.12), and (5.5) 
applied for / G |^;^^,e2,'(w),t;| and 9 G Let us fix a: G ft: by (4.17), (5.11) 

and Green’s formula, denoting by 7 the trace application on BD{{xi,xi + k) x fl'), 
we have 


{v^) {xi + K,x') - {v^)~''{x) < V 2 (^{v Y{xi +K,x') - {v^)^{x)) Qei 


= V2 


= V2 


f 0((xi,a:i+/^)xn') 


Vs{x' - y')'r{v){si,y') Qnd'H‘^{si,y') 


/ ris{x'-y')dEv{si,y')+ v QV x'mix'- y')dsidy' 

(tci ,a:i+K) xH' ^ {x\,x\-\-k.)xQ.' 


< C [ \Ev\ {{xi,xi + K 


) X Q') + f 


+k) xH' 


\v\d'. 


therefore limsup„_,,g+ |(t;'^) (cci + K,x')— (?;'*)■'■ (x)I = 0. We likewise find that 
limsup,^^o+ {v^)'^{xi —n,x') — {v^)~{x) =0. The second line of (5.14) is obtained 

by using the second line of (5.6) and by substituting the partial derivatives for 
ijs in the above computations. To prove (5.15), let us fix (xi,x') G fl, k > 0: by 
(5.10) and Green’s formula, we have 

/ T;^isi^x)dv{si)= j ^^{si,y')r]5{x'-y')dv®£^{si,y') 


' {0,xi-\-k)xQ' 


(o,xi+K)xn' 

mix' - y')dEiiv{si,y') 


/ m{x' - y')v^ {si,y')d'H^{si,y') = {xi + k , y'). 
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Likewise, the following holds for (3 € {2, 3} 

[ — 


' {0,xi-\-k) 


r]s{x' - y')dE/3i3v{si,y') 


( — 

\dXi3 


(0,iCi+«:) X 

{vs{x' - y'))v0{si,y')dC^{si,y') 

xi+K g^s 


f \ QyO 

J Vs{x'-y')vjs{si,y')dy'jdsi = J -^{si,x')dsi. 


Passing to the limit as k —>■ O'*', taking (5.11) into account, we infer 


/ ^^{si,x’)dv{si) = (vf)^ {xi,y’), 


dvi 


(5.16) 


/ ^{si,x')d^{s,)= ^{sux')dsi, 

J{Q,xi] Jo 

which, joined with (5.9), yields the first equation in (5.15). Similarly, we have 

/ 2|^(si,a;')dJ^(si) = / 2risix'- y')dEiaV{si,y') 

y {o,xi-\-i^ y {o,xi-\-k,)xq,' 

= [Vsix'-y')v~{si,y')dn'^{si,y') + ( vi{si,y')^^{x' - y')dsidy' (5.17) 

q^5 

= (i^a) {xi + K,x')+ -^{si,x')dsi, 

Jq OXct 

yields by the same argument the second equation in (5.15). □ 

Proposition 5. For all v G illlg’™(fl) and <5 > 0, the following holds for some 
constant C independent of 5 


Ev° 




dv ® < 


IQ. 


Ev 


y®C'-‘ 


d 

Ev^ 

dXcx 

!X(g)£^ 


2 (J 

dv® < — 
0 


Q 

2 / 0 . 70 ) 3 ' 


du ® < oo, 

2 


Ev 


y®C'-‘ 


dv ® C < 00, 


3v^ 3‘^v^ 

v\ - — —gL\VL-W^), Va,/3G{2,3}. 


dXa ’ dxadxp 


(5.18) 

(5.19) 


Proof. Assertion (5.18) follows from (5.4) and (5.10). By Lemma 2, the Lebesgue 
measure on D is absolutely continuous with respect to m ® £^, thus, by (2.4) and 
(4.16), 


v“ ) = (u'^) = C^-a.e. in D. (5.20) 


,.< 5 \+ _ _ 5 r3 

By (5.16), (5.18), (5.20), Cauchy-Schwarz inequality and Fubini Theorem, we have 

2 


In 


\vl\^dx= / I(u^)+|^dx= / 
Jn Jn 


^^{si,x') dv{si) 


I {0,xi] 


dx 


<C \§^\^dn®£^<C 


yn 
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yielding, by (5.4), 


dv{ 


dxc 


C 

<Jx<- 


2 , C 
ax < — 
0 


f < oo- 


We deduce from (5.10), (5.17), (5.20) and the last inequalities that, for a G {2,3}, 


'ji\^dx<Ci 


^^{si,x')dv{si) 


'{0,xi 


dx + c[ [ ^^{si,x') dsi 
Jn Jo 


<C [+ C f 

JQ. JQ. 


dvl 


dxo 


dx < 


C 


Ev |2 




dv ® < oo. 


and then from (5.4) that, for a, (3 € {2,3}, 


dx 


dv^ 


9a;, 


dx < j Jjvil'^dx < 


dxadxp 
Assertion (5.19) is proved. 


^ , c 

dx < — 

[ 

dv^ 

- 6 

Jn 

dxa 


dx < 


C 


^3 


Ev |2 


dv ® < 00. 


□ 


6. Proof of Theorem 1 

The proof of Theorem 1 rests on the choice of an appropriate sequence of test 
fields (v’e), which will be constructed from an arbitrarily chosen partially mollified 
element of i?IlQ’™(fl), that is a field ip of the type 

(5>0. (6.1) 

Let us briefly outline our approach. In the spirit of Tartar’s method [29], we will 
multiply (3.1) by and integrate by parts to obtain 


/ (^eiue) ■ e{p^) dx = / f-p^dx. (6.2) 

an an 

By passing to the limit as £ —>■ 0 in accordance with the convergences established 
in propositions 2 and 6, we will find a{u,v^) = Jq/ ■ v^dx, where a{-,-) is the 
symmetric bilinear form on defined by (3.8). Then, sending 6 to 0, we 

will infer from Proposition 4 that a{u,v) = Jq/ ■ vdx. From Proposition 2, we will 
deduce that u belongs to BDq’'^{Q), hence is a solution to (3.7). Next, we will prove 
that BDq'™‘{^1) is a Hilbert space and a(-, •) is coercive and continuous on it, hence 
the solution to (3.7) is unique and the convergences established in Proposition 2 
for subsequences, hold for the complete sequences. 

The sequence {p^) will be deduced from a family of sequences ((yj*)^)^^^ by a 
diagonalization argument. Given k G N, the construction of (Pg)^ is based on the 
choice of an appropriate finite partition of (OAj defined as follows: 

since the set of the atoms of the measures v and m is at most countable, we can 
fix a sequence {Ak)kGfi of finite subsets of [0,L] satisfying 





























25 


Setting 


= AfcC^fc+i VfcGN, 

0 = t^<t’l<4<...< = L, 

' ^ ({^j}) = "* ({^j }) = 0 V/c G N, Vj G {0,... ,nfc}, 


lim sup 


i/c i/c 

'i-i 


= 0 . 


:= (t^i, i,"] V fc G N, Vj G {1,..., nfc}, 
we introduce the function c/)^ : (0,L) —>■ R defined by 

... . ^ ^ 

4(a^i) :=Z^- 

Note that the restriction of (j)^ to each is absolutely continuous, and 

(Tk^ 0 <</.,"<! in (0,L), 


Mlj) 


) = 1 and = 0 Vj G {!,...,rife}. 

For all j G {0,..., n^}, x € Ij x fl', a G {2, 3}, we set (see (5.9)) 


(6.3) 


(6.4) 


(6.5) 


( 6 . 6 ) 


‘Pelix) : = 


1 + 2 


I jk 


^iii<P){si,x')diy{si) 


1 + 2 


E 


d+o 

WTa 


{si,x')dsi++'^{t)_i,x'), (6.7) 


a=2-'^j-l 

■Xi 


+eaix)-=(l>eixi)[ <^lai‘P)isu x')dv{si) - f ^ (si, x')dsi+++x'). 

J ik J^k a. 

3 J-1 

The sequence of test fields (tp^) is determined by the next proposition. 


Proposition 6. Let v G BDq’'^{^V), i5 > 0, and (p, respectively given by (6.1), 
(6.7). There exists an increasing seguence (fee) of positive integers converging to oo 
such that defined by 


p^:=p'f+ (6.8) 

strongly converges to p in L^{Ll] R^) and satisfies the assumptions (4.25) and (4.28) 
of Proposition 3. In particular, the convergences and relations (4.26), (4.27) and 
(4.29) are satisfied. In addition, the following strong convergences in the sense of 
(4.2) hold: 




. Ve®IP,u®C? I 
)ei -^ 


(¥>)ei 


( \ ^TYl^£i // 'k\!\ 

'(,<Pe) -^ e,,/((v3 ) ), 


where is given by (5.9). 


(6.9) 
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Proposition 6 will be proved in Section 6.1. The next step consists in passing to the 
limit as e —7> 0 in (6.2). Expressing in (6.2), iov g G {we,yig}, the scalar fields 611(3 ), 
o’e 22(3), o-e 33 {g) in terms of the components oias{g)ei a,ndex'{g) (the details of this 
computation are situated at the end of the section), leads to the following equation: 


/ + X! ‘^ela{Ue)(Tela{.'Pe) dv^ ® 

r ^ 

+ / 4623 ( 1 ^ 5)623 (^e) + eaa{u^)eaaiip^) dlTle ® £? (6.10) 

q=2 

+ J l^[e22(Ue)e33{(p^) +e33{Ue)e22{(PE))dme'Sl = j f-(p^dx. 

By (4.4), the next weak convergences in the sense of (4.1) hold 


(^e{Us)ei 




(T'-'{u)ei, 


,{u'^) ex>{{u^y). 


( 6 . 11 ) 


By passing to the limit as e —>■ 0 in (6.10), by virtue of (6.9) , (6.11) and Lemma 1 
(iii), we obtain 




f ^ 

+ / 4e23(M*)e23(y*) + ^ 7 ^ eaa{u*)eaa{tp*)dm® 

a=2 

+ / -i^{(i22{u*)e33{ip*) + e33{u^)e22yp*))dm® = / f-<pdx. 

Jn Jn 

An elementary computation yields 


( 6 . 12 ) 




^ii(u)a'(3{ip)+^ a'(^(u)a'(^{cp)dv(^C^= ^ ^dv®C^, 

' a=2 do. 

4e23(u*)e23(¥’*) + / 4^(622(w*)e33(¥’*)+ 633 (u*)622 (¥?*)) 

! da 

+ eaa{u*)eaa{<P*)dm <Si c‘^= / a^^Cx'iu*) : ex'{>p*) dm® 

_o 'd 


where and are given by (3.9). We infer from (6.12) and (6.13) that 


(6.13) 


a[u,ip) = / f-<pdx, 
da 

where «(•,•) is the continuous symmetric bilinear form on defined by 

(3.8). Substituting for ip (see (6.1)) and letting 5 converge to 0, we deduce from 
the strong convergence in BD'^'^{Vt) of to v stated in (5.13) that 

a{u,v) = ( f-vdx \/v G BDQ’"^{n). 
da 









27 


Since, by Proposition 2, the field u belongs to we conclude that m is a 

solution to (3.7). 

Let us prove that BDq''^{VI) is a Hilbert space. By the Poincare inequality in 
{v G BD{^), w = 0 on 9H} (see [27, Remark 2.5 (ii) p. 156]), we have 


[ \v\dx<C [ d\Ev\=C [ \^\d, 

t/ r2 Q ^ Cl 




<C[I <C'|M|bz7--(0) 


(6.14) 


hence the semi-norm ||.||_bdJ’™(o) defined by (3.6) is a norm on BDq""^{Q). On the 
other hand, Fubini’s Theorem and Korn’s inequality in i7g(n';]R^) imply 


f |(u')*p(iTO O = f dm{xi) f \{v')*\'^dx' 
Jn Jo Jci' 


(6.15) 


<C dm{xi) |ea;'(u*)pfia;'< M v & BDl’'^{n). 

Jo Jq.' 0 y I 

Let [vn) be a Cauchy sequence in BDq'’^{^1). By (6.14) and (6.15), the sequences 
{Vn), {{v'n)*), (l^^) are Cauchy sequences in BD{n), Ll^{0, L; H^{n;R^)), 
respectively, hence the following convergences hold 


Vn ^ V strongly in 

{v'n)* —t w’ strongly in 
^ ^ S strongly in 
for some v, w', S. We prove below that 


BD{n), 

-^y®£2(0; S^), 


(6.16) 


E{v)<^v®C'^, H = w = 0 on 50, (6-17) 

w'= {v'Y m®C^-a.e.. (6.18) 

It follows from (6.16)-(6.18) that v G BDq’'^{Q) and (Vn) strongly converges to v in 
ili4g’"*(0), hence i?ZlQ’™(0) is a Hilbert space. The proof of Theorem 1 is achieved 
provided we establish that the form a(-,-) is continous and coercive on ilZlg’"*(0). 
The continuity is straightforward. The coercivity of a(-,-) results from Lemma 7 
stated below. □ 

Proof of (6.17). As Vn = 0 on 50, by (6.16) and Green’s formula we have, for 
4^ G (£1(0;S3), 


V ■ div’S'da; = lim / Vn ■ div4'da; = — lim 


^dEVn 


= — lim 

n—¥oo 


[ ■■ ipdiy (g) = - [ E : tpdv 0 £^. 

’Jn Jn 

We deduce from Green’s formula that 

- / 4' : dE{v) 4 ^ ^ 

Jn Jan 

By the arbitrary choice of ijj, we infer (6.17). 


V Qn : ^dJ-L^ = — E : tpdv 0 

Jn 


□ 
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Proof of (6.18). By (6.16), lim„_,.+oo |(i;(j)* — w'\'^dm ® C'^ = 0, hence there 
exists a m-negligible subset N of (0,L) such that 


lim 


n—)-+oo 



= 0 


Vxi e (0,L)\A^. 


(6.19) 


On the other hand, since («„) strongly converges to v in BD{^), the traces 7 ^ (w„) 
on both side of 'Sxi strongly converges to 7^ (v) in L^2i^xi) for all xi S (0,L). 
By (4.12), (4.16), and (6.17), v*{xi,.) = 7 ^ {v) — 77 {v) H^-a.e. on for 

xi XI 

m-a.e. Xi G (0,L). Accordingly, there exists a m-negligible subset Ni of (0,L) 
such that 


lim 

n—>-+oo 


0*-u*|d'H^=0 Va:i G (0,L)\ A^i. 


( 6 . 20 ) 


Let us fix xi G (0, L) \ (fV U A^i). By (6.19) there exists a subsequence of 
converging 'H^-a.e. on to w' . By (6.20), there exists a further subsequence 
converging T-L^-a.e. on Y^^ to {v')*. Hence w' = {v')* "H^-a.e. on Y^^ for m-a.e. 
xi G (0,L). Setting A := {x G H, w'{x) ^ (t;')*(a;)}, := Ar\Yx^, we infer that 

T-L'^{Axi) = 0 for all xi G (0,L) \ {N U A^i). It then follows from Fubini’s theorem 
that m ig) (A) = 'H^(Aa;j )dm(a:i) = 0. □ 


Lemma 7. For all v G BDg'^{Q), a,/3 G {2,3}, we have 


[ 

Ecftv 

Jo 



du ® < f \eap{{v*)')\^ dm®C^. 

Jq 


( 6 . 21 ) 


Proof. Let v G BD^'^iyi), (5 > 0, and defined by (6.1), (6.8). By Proposition 6, 
the convergence (4.27) holds, hence by Lemma 1 (ii), we have for a,/3 G {2,3}, 


f 

EcI3<P 

Jo 



dv ® < lim inf 

s —^0 


Pe\eafl{}Pe)\^ dx. 


As, on the other hand, by (4.2) and (6.9), the following holds 


lim / Hs\eaf3iiPe)\'^ dx= dm®C^, 

Jn 


we deduce that 


[ dv^C^^ [ |ea/3((^*)')l^ dm®C^. 

Jo.' ' Jo 


Substituting for (p and passing to the limit as 5 —>■ 0, taking (4.24), (5.13) into 
account, we obtain (6.21). □ 


Justification of (6.10). We fix e,e G and set tr := Z(tre)/ + 2e, a := /(tre)7 + 2e. 
We have 


3 

a : e — craea + cri20’i2 + cri3cri3 + 4623623. ( 6 . 22 ) 

i=l 


Noticing that 
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eii = — le 22 — 1 ^ 33 ), eii = -[^{cn — le 22 — le. 33 ), 

CT 22 = leu + (^ + 2 )e 22 + ^633 = — le22 — ^ 633 ) + (/ + 2 )e 22 + ^ 633 , 

^33 = leu + le22 + (? + 2)633 = j^if^u ~ le22 ~ ^ 633 ) + le22 + (^ + 2 ) 633 , 
we obtain, by substitution. 


3 

y^O'MeM=gii j:^((711—/622 —^633)+^622 —^633) +(Z +2)622+ ^633) 622 

i=l 

+ (7:^(<^11 ~ le22 — ^633) + le22 + {I + 2)633) 633 
= (622622 + 633633) + 7^(622633 + 633622), 

yielding, by (6.22), 


O' ■ e — T^ciiCTii + +2 (Ti26i2 + 2 cri 3 ei 3 

+ 4623623 + ^)+2^^ (622622 + 633633) + 7^(622633 + 633622). 

Substituting e{us), 6 ( 95 ^), —ae{ue), —(Je{<p^), respectively, for e, e, a, a, we infer 

( 6 . 10 ). □ 

6.1. Proof of Proposition 6. The proof of Proposition 6 lies in the asymptotic 
analysis of the family of sequences {{Vs)e )the results of which are presented 
in the next proposition whose proof is located in Section 6.2. 

Proposition 7. Let V G BDq'^{Vl), <5 > 0, defined by (5.9), and ip, (p^ respec¬ 
tively given by (6.1), (6.7). Then belongs to ) and satisfies 


sup / |(^g pdru-e 0 < 00 , 

fceN; e>oJn 


lim sup / \p^ — p\ dx = 0, 
k^oo £>o Jq 


lim sup lim sup 

k^oo £—>-0 


0-e(V>e)ei 


dr's < / \a^{p)ei\^ dv , 

Jq 


(6.23) 

(6.24) 

(6.25) 


lim sup lim sup 

k—^oo £—>-0 




drrie 0 >C^ < 


\ex'{{p*y)f dmiSi 


(6.26) 


Let us fix a decreasing sequence of positive reals {ak)keti converging to 0. By Propo¬ 
sition 7, there exists of a decreasing sequence of positive reals {£k)keti converging 
to 0 as A: —>• 00 and such that, for all e < Sk, 


/ -p\ dx< Ofe, 

Jq 


\ae{pl)ei dvs®C^< / \a''{p)eiy dv ® au, 


(6.27) 


ex'iPe) dms®C^< / \ex'{p*)\^ dm® Uk- 
Jq 

Let ke be the unique integer such that Efe^+i < e < Sk^ (notice that —>■ 00 ). We 

set 
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(6.28) 

By (3.1), (3.2), (6.23), (6.27) and (6.28), the sequence (^g) strongly converges to 
{p in L^(fl;K^) and satisfies the assumptions (4.25) and (4.28) of Proposition 3. 
Therefore, the convergences (4.27) and (4.29) hold. We deduce that 


r(¥’e)ei 




'(‘^)ei, 


'((V’f 






On the other hand, (6.27) and (6.28) imply (since —>■ oo) 


limsup / |(Te(^g)ei|^ O < / \a''dv ® , 

£->■0 JQ. JQ, 

limsup / jca;'(( v?e)^) I drrig <S) < / \ex'{{(p*y)f dm <Si 

£->■0 Jn JQ 

yielding (6.9). Proposition 6 is proved provided we establish Proposition 7. □ 


6.2. Proof of Proposition 7. The field (p^ belongs to x 0';R^) for all 

j £ {1 ,..., Ufc — 1}, hence to prove that (p^ G 77^(0;®^), it suffices to show that 
the traces of (p^ coincide on the common boundaries of x fl' and x fl', that 
is 


ivl) = (¥>£) Vj G {1,..., nfe - 1}. 

3 3 

By (5.15), (6.1), (6.4), the following holds 


(6.29) 


3 

= f {a'')ii{p)isi,x')dv{si)^isi,x')dsi. 

J Ik J jk OXa 


On the other hand, noticing that — 0 and </>£((t^) ) = 1, we deduce from 

^ “t"’ k\'r e J / i-\-^ J ri \“j : 


(6.7) that, for all x = {t^,x') G ( 7 ^ {p^))i{x) = (pf{t'^,x') and 


(7e ,(¥’e))i(a^) = 7^ / (o-‘')ii(^)(si,a;') diy{si) 
b 3 Ik 


-^-ih f. ^isi,x')dsi+ipt{t’^_-^,x'). 


a=2 


j-i 


The last equations imply ( 7 ^ (^g))! = ( 7 ^ Similarly, by (5.15) and (6.4) 

3 3 

we have, for a G {2, 3}, 

<7>i(i^a;')-<7>i(tj-i,x') = / {a'')ia{ip){si,x') dv{si) - j |^(si,a;') dsi, 

Jjk J ^ 

3 3 

and, by (6.7), ,x') = p+{t^,x') and 

3 

{lY^Sv'"e))a{t%x')=j {a'' {p))i^{si,x')dv{si)-j^^^^{si,x')dsi + pt{t^j_yx'), 
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yielding (ji (<Ps))a = (Js (^e))«' Assertion (6.29) is proved. 

3 3 

In what follows, for all xi € (0,L), we denote by jx^ the unique integer satisfying 

(6-30) 

The next lemma plays a crucial role in the proof of Proposition 7. 

Lemma 8. We have 


lim Ve{Ij) = v{Ij) and lim me{Ij) = m{Ij) VfceN, VjG{l,... ,nfe}. (6.31) 

For all k gN, the mapping xi G (0,L] —)> defined by (6.4), (6.30) is Borel 

measurable and satisfies, for all p G (0, oo), 


1™, / 

l-L . (6.32) 

lim / iy(I^ )PdC^(xi)=0, lim / )p dm(xi) = 0. 

fc—J-OO Jq fc—>00 ®1 

Proof. Since v{dl^) = m{dl’f) = 0 for all fc G N, j G {1,... ,nk} (see (6.3)), the 
convergences (6.31) result from (3.3). By (6.3) and (6.30), we have 


rik 

) = I] (6-33) 

i=i 

hence the mapping xi G (0,L] —>■ is Borel-measurable and, by (6.31), 


lim 
€—^0 


v{.I^,^)dmfixi) = lim^z/(jj=)me(/j') = ^ z/(jj=)m(/j=) 


1=1 


1=1 


= J ^ilL^)d-mixi). 


The measure ly is bounded and by (6.3), for each fixed xi G (0,L], the sequence of 
sets )ken is decreasing and satisfies HfcGN 1 -^jli = {^i}) therefore lim/c_>oo ) 
i/({a;i}). Applying the Dominated Convergence Theorem, noticing that, by (3.4), 
C^{Av) = m{Av) = 0 (see (3.14)), we infer 


lim [ v{I^ )PdC^{xi)= [ v{{xi})PdC^{xi) = Q, 

Jau 

lim [ v(I^ Y dmlxi) = [ lyAxAYdmtxi) = 0. 

>^^°^J[0,L] ' Ja„ 

□ 


Proof of (6.23). By (5.9), (5.15), (5.19), (6.1), we have, forall xi G (0,L), 


‘P'^{tj -i,x') dx'< C / \a'^{(p)\ dv ® + C 


therefore, by (6.6), (6.7), and (6.30), 


[ 

dtp 

L 



dx < C, 
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sup f \(p^f{xi,x')dx' 

xi^{0,L) J 

-'"if <C. 

By integrating over (0, L) with respect to we obtain (6.23). □ 

Proof of (6.24). By (5.15), (5.19), (6.1), the following estimate holds for xi S Ij 
(or equivalently for j = jx^)'- 


(\(p+{xi,x')-(p"^{tj,x')\dx'<C (\(T''{(p)\dv®C^+ 0^^ [ 

Jn' d/'^xn' 

j a—z j 

< C.(/*)*|K will + C ( sup £‘(7‘)) “ f: W^jUn, 


<C'z/(Jf)2+C sup £^(/f) 

(6.34) 

By integration over (0, L) with respect to £^, taking (6.3), (6.30), (6.32) into ac¬ 
count, we infer 


liin f \ipf{xi,x')-ipf{tj x')\dx = 0. (6.35) 

By the same argument, we deduce from (6.6), (6.7) that 

lim [ \ip'^{xi,x') - (p+{tj x')\dx = 0. (6.36) 

Assertion (6.24) results from (6.35) and (6.36). □ 

Proof of (6.25). Taking (3.1), (5.9), (6.6) and (6.7) into account, an elementary 
computation yields, for all j S {1 ,..., Uk} and for £^-a.e. x £ Ij x fl', 


cre{‘Pe)ix)ei = fie {ltT{e{(p'^))I + 2e{(p^)) d 



a''{(p){si,x')eidv{si) + r^{x), 


(6.37) 


where for a G {2, 3}, 
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+ 2l(j)’^{xi)Y^ i {si,x')dv{si) - I ^ f ^^{si,x’)dsi, 


0=2-'^j-1 


^le^'"’'' 1 + 2' 




- 7^ E/, - IS(^i’^')- 

/3=2“'^-i 

We prove below that 

lim sup lim sup / = 0. 

k^oo e^O Jq 

By (3.2), (6.4) and (6.37), we have 


(6.38) 

(6.39) 


aM)ei-rl 


du^ 0 


^ hic deHxi)dxi . /. 


dx' 


(6.40) 


j=i ""=0) 

Assertion (6.25) follows from (6.31), (6.39), (6.40). 
Proof of (6.3! 
into account. 


□ 

Proof of (6.39). A computation analogous to (6.34) yields for xi G I^, taking (5.19) 


IQ' 




dx'<Ciy{n) + C sup C^n). (6.41) 


je{l,...,rifc} 


Similarly, by (5.4), 


IQ' 


I Ik 


^{si,x')diy{si) 


dx' < Cv{lf) 


da’' 


ffxTo 




IQ' 


r-a^l 0,2 


d y /3 

dxpdxc 


■{si,x')dsi 


dx' < C sup C^{Ij) 

je{l,...,nk} 

<C sup C\I^). 


dxpdxo 


L+n) (6.43) 


iG{l,...,nfc} 

Collecting (6.6), (6.38), (6.41), (6.42), (6.43), noticing that = mg, we infer 
f 0 < C / v{I^^ )dme{xi) + C sup C^{I^)me{{Q,L)). (6.44) 

JQ J iG{l,...,nfc} 
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Assertion (6.39) results from (6.3), (6.32), (6.44). 
Proof of (6.26). By (6.7) we have, for xi G /j', 

=e^^{tp+) ^,x')+R'^{x), 

R^{x) := (l)^{xi) [ {a^{ip)ei) {si,x')dv{si) 


□ 


(6.45) 


3 px\ 

~ ^ (si,a: )dsiea © e^. 


a,P=2'''‘j-l 


We deduce from (6.6), (6.42), (6.43), (6.45), that |fi^| {x)dms is bounded from 
above by the left-hand side of (6.44), hence, by (6.3), (6.32), 


lim sup / 

fc->oo e>0 Jq 


r: 


drrie 0 = 0. 


(6.46) 


By (3.2) and (6.4) we have 

p 'R'k p 

/ \ex'i¥>'^)\^ i,x') dm^iSi it'^_^,x') dx', 

Jq. Jo.' 


i=i 


yielding, by (6.31), 


limy {t^j^^-i,x')dm^® C'^ = j \e^,{ip+)\^{t'l^^_.^,x')dm® C"^. (6.47) 

By (6.3) and (6.30), for all xi G (0,L), the sequence _JfeGN converges to xi 
from below as k ^ oo. Therefore, by (5.14), for each x G fl the following holds 


lim |e^'(<^+)|^ (t^^^_i,x') = |e^/(<^ )|^(a:). 


k—¥oo 


(6.48) 


On the other hand, by (5.15), |ea;'(^+)| (t^^ -i,x') < g{x), where 


g{x):=f \e^>{a‘'{<p)ei)f {si,x')diy{si)+y] [ 
J{0,L) a. 8=2'^^ 


dxadxp 


{si,x')dsi. 


We deduce from (5.18) and (5.19) that g G Am(g,£2(0), and then from (6.47), (6.48) 
and the Dominated Convergence Theorem, that 


lim / |ea;'(^+)|^(t^ _i,x') dm® = / \ex'{i.p )'^dm®C^. (6.49) 

'^^°°Jo Jo 

By (3.4) and (3.16) we have \E(p\{Y,xi) = 0 for m-a.e. xi G (0,L), therefore 
Assertion (4.15) implies that ex'{<p~) = e-x'iv*) m ® £^-a.e.. Collecting (6.45), 
(6.46), (6.47), (6.49), and the last equation, the assertion (6.26) is proved. □ 

6.3. Sketch proof of Proposition 1. Repeating the argument of the proof of 
Proposition 2, we establish the apriori estimates 


sup / \Ui;\^dmg ® C'^ + / \Us\dx + / ^glVUel^dx 

£>o Jo Jo Jo 


< oo, 
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and deduce, up to a subsequence, the following convergences (analogous to (4.4)) 
Us ^ u weakly* in i?T^(n;]R") for some u G 


/ie(CVUe)ei -" (C- 


Du 


. „ rrie^C^ ^ 

-)ei, ^x'Ue -" Vx'U , 


(6.50) 


where BVq’'^[Vl) and V x'V are defined by (3.25) and (3.26). Fixing v G BVQ’"'{n), 
(5 > 0, fc G N*, we set ^ and 

<Peix) ■= {T-^C ^g^^_i )ei(si,a;') di/(si)^ 

J T 

Mimicking propositions 6 and 7, we exhibit a sequence y>e(= yj*®) satisfying 


lim / — ¥>l dx = 0, 


\ ^£0^ ,z£0C Dtfi \ r-t ??2e0£ ^7n®£i ^ 

/re(CV<^Jei -^ 1 Vx'^p ■ 

Multiplying (3.20) by ip^, integrating by parts, and applying the formula 
CVue : V¥),=(T^iCVMe)ei-(CV<^Jei - (T^^C V,-Ue) ei • (CV.-y^Jei 

d- C V x''^e ■ ^ x'^s^ 

proved below, we obtain 

/ f ip^dx= pe(T~^C'Vus)ei ■ fj,siC'Vip^)ei di^s 
Jn Ja 

+ / -(T~^CVx'it£)ei • (CVi^/yjJei+CVx'We • Vx'¥>e dwe (g) £^. 

Jn 

Passing to the limit as e —>■ 0 in accordance with (6.50) and (6.51), we find 

a{u, ip) = / u ■ ip dx, 

Jn 

where 


(6.51) 


(6.52) 


ain,cp) := [ (T-^C ■ {C dv ® 

j ri 

- [{T-^CVx'U*)ei-{CVx'Py)ei+CVx'U*:Vx'Vy dm(^C<^-\ 

Jn 

An elementary computation shows that a(-,-) is also given by (3.27). The rest of 
the proof is similar to that of Theorem 1. 

Proof of (6.52). Noticing that T defined by (3.22) satisfies 

(rVt;)ei = (CVt;)ei - (CV,.i;)ei, 

and taking the invertibility of T and the symmetry of and C into account, we 
obtain 
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CVu:Vw = (CVu)ei-(Vt;)ei +CVu;Va;/n =(CVu)ei-(Vi;)ei+Vu;CVa;/t; 

= (CVu)ei-(Vt;)ei + (VM)ei-(CVa;/t;)ei + Vaj/wiCVaj/ti 
= (CVu)ei-T^i((CVi;)ei - (CV,-t;)ei) 

+ T^^((CVM)ei — (CVx'u)ei)-(CVa;'ti)ei +Vx'U:CVx'V 
= {T~^CVu)ei ■ (CVt;)ei- (T-\!Vx'u)ei ■ {GVx'v)ei +Vx'U : CVx'V. 

□ 
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